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Abstract

This study presents a new formulation for the norms and scalar products used in tangent linear or adjoint
models to determine forecast errors and sensitivity to observations and to calculate singular vectors. The new
norm is derived from the concept of moist-air available enthalpy, which is one of the availability functions
referred to as exergy in general thermodynamics. It is shown that the sum of the kinetic energy and the
moist-air available enthalpy can be used to de ne a new moist-air squared norm which is quadratic in: 1) wind
components; 2) temperature; 3) surface pressure; and 4) water vapor content. Preliminary numerical applica-
tions are performed to show that the new weighting factors for temperature and water vapor are signi cantly
di erent from those used in observation impact studies, and are in better agreement with observed analysis
increments. These numerical applications con rm that the weighting factors for water vapor and temperature
exhibit a large increase with height (by several orders of magnitude) and a minimum in the middle troposphere,
respectively.

1 Introduction . (1999, hereafter E99) off Mahfouf and Bilodeal:[(2007,
hereafter MB07), among others, by including the water
vapor content via an additional quadratic term ().

Several inner-products, based on \energy" squared
norms, have been used in four-dimensional variational The same inner-products and norms are currently
assimilation tools to minimize cost functions (Tala] used for computing dry or moist singular vectors and

grand, [1981; Courtier, [1987; Trepaut and Courtier, for determining forecast errors or sensitivity to ob-

1991). It was supposed that the \energy" correspond- servations based on tangent linear and adjoint mod-
ing to observational errors could be distributed equally €ls (Buizza and Palmer,|1995; Palmer et al.| 1998;
among these di erent basic prognostic elds. Inner- [Mahfouf and Bilodeau,|2007] Janiskow and Cardinal,

products based on these \energy" squared norms are2017).

used to de ne dry semi-implicit operators and dry nor-  However, all these norms su er from a lack of con-
mal modes of GCMs or NWP models, as long as they sjstency with physical relationships in thermodynam-
are invariant by the linear set of primitive equations jcs because: i) these \energy" squared norms are not
(Trepaut and Courtier,|1991). based on the standard de nition of energy as expressed
Here, the term \energy" means that the sum of in general thermodynamics; ii) the use of the squared
quadratic terms is considered for perturbations of the norm for water including the quadratic term (of)? is
wind components U92 + (v92, temperature (T92 and poorly justi ed; iii) these de nitions are not unique,
surface pressure 2)? or [In(ps)°]? (see appendix A with for instance an arbitrary tuning parameters which
for the list of symbols). Moist-air generalizations is often left undetermined for the water component.

of the \energy” squared norm have been suggested |deally, all these quadratic terms should be derived
by |Courtier| (1987, hereafter C87), Ehrendorfer et al. from some general laws of physics. This is true for the



average of the kinetic energy (2 + v2)=2, which is the stant value T, is used in[Courtief (1987), |Trepaut
sum of the terms @)?=2 + (v)?=2 computed with the [and Courtier|(1991), Buizza et al] (1993), Ehrendorfef
mean state of wind plus the terms(u92=2 + (v92=2 [and Errico| (1995), [Buizza et al| (1996),/ Mahfouf and
computed with the perturbations of wind. This re- |Buizza (1996), E99, Errico (2000), Barkmeijer et al.
sultis true if U= u wand v?= v v, leading to (2001), Zadra et al| (2004), Errico et all (2004), Mah*
(U9 = (v9 = 0. The squared norm for the wind com- [fouf and Bilodead (2007), Rivere et al] (2009), Hold-
ponents is computed in assimilation, singular vector away et al. (2014), Janiskow and Cardinali (2017),

and sensitivity studies with (u92=2 + (v92=2, where
for instance u® and v are the unbiased departures be-
tween analyses and short-range forecasts.

In contrast, the usual temperature component of the
squared norm(T2)=2 = T %22 + (T92=2 cannot be
derived from the general de nition of the energy and
the rst law of thermodynamics. Indeed, the dry-air
internal energy or enthalpy varies linearly with tem-
perature, with h ¢y T for the enthalpy up to con-

among others.

However, it is worth noting that the use of a con-
stant value T, for T(p) in (E} is not compatible with
the stability term ( that appears in the formulation
of APE expressed with pressure coordinate, wherd
must be de ned as the isobaric average ol according
to Lorenz (1955). No other de nition is allowed, and
the use of a constant temperatureT, makes the the-
ory incompatible with that of Lorenz and weakens the

stant reference values. Consequently, the true energytheoretical basis for present formulations of the norm

and enthalpy cannot generate quadratic terms, due to
ho= Cpd TO=0.

In order to derive quadratic squared norms in both
wind components and temperature, a relevant method
might be based on the study of the sum of the ki-
netic energy and \a form of the Available Potential En-
ergy" (APE) of Lorenz|(11955). This method is chosen
in Talagrand| (1981), the old ARPEGE-IFS documen-
tation (1989, unpublished), |Joly and Thorpe (1991),
Joly|(1995), Ehrendorfer and Erricg (1995),/ Errico and
Ehrendorfer (1995), E99, Ehrendorfer (2000), Errico
(2000) and|Descamps et al.| (2007).

In these studies, the specic value of the approxi-
mate APE is written as (T92=(2 ), where both the
perturbation of temperature T°= T T and the sta-
bility parameter depend on T, where
Tr par.
Cpd

Re @p’ @)

The calculations of are explicitly performed in Ta-

for temperature.

All temperature, pressure and water vapor com-
ponents of existing squared norms correspond to the
quadratic terms (T9?2, (p9)? or [In(ps)°]? and (Q)?. It
is thus tempting to consider these components as form-
ing a \total energy" squared norm. However, it is ex-
plained in |Errico| (R00Q) that these squared norms are
not based on clear thermodynamic de nitions nor on
any obvious energy norm of pressure or moisture @l-
though it is called a measure of the energy, it has not
been demonstrated that it is indeed such in the contexts
to which it has been applied. The fact that it has units
of energy per unit mass does not by itself qualify it as
a measure of energy). Moreover, the moist-air gener-
alization of the APE by Lorenz|(1978,/1979) does not
lead to any easy-to-use analytical formulation which
could replace (T92=(2 ) with a moist-air version for
. This means that the APE approach can not be
easily generalized to moist air.

Therefore, other ideas had to be tested in order to

lagrand (1981) and|Descamps et al.|(2007) by usingsplve the problems described so far. Since the tem-

a standard atmosphere for de ning a reference pro le
T (p) which varies with height.

On the other hand, the stability parameter is often
computed by using a constant reference value foil,
which is denoted by T, or an equivalent. This leads
to @=@p=0in (g andto = T;=Gyqg. This is an
explanation for the quadratic term

T92 T92
SLEE LY @
2 2T,
which is retained in almost all present formulations
of the temperature component of norms. A con-

perature component (2) is presently derived from an
approximate version of the APE of Lorenz, which was
improved by |Pearce (1978) and Marquet |(1991) for the
dry air, and then by Marquet|(1993, hereafter M93)
for the moist air, this article examines the possibility
of deriving the quadratic terms in temperature, pres-
sure and water content from a general principle based
on the concept of \moist available enthalpy" de ned
in M93.

The available enthalpy is one form of what is known
as \exergy" in general thermodynamics. This new ex-



ergy norm is used in| Borderies et al. [(2019) to mea- explanation of the decrease with height of the water
sure the relative impact of the assimilation of observa- vapor exergy terms described in sectiof 4]4. Forecast
tions on the analysis and short-term forecasts for the observation impacts are described in sectiop 4]5 for the
French AROME model, with a large impact of the new GEOS model. Conclusions are drawn in sectiofl5.
water-content quadratic term. Indeed, the weighting

factors of the exergy norm are signi cantly di erent . . .

from those used up to now in dry and moist squared 2 Theoretical considerations

norms, in particular by several orders of magnitude for

the water content. 2.1 Existing moist-air energy norms

In order to achieve some numerical validation of the _ _ _
theoretical formulations for the exergy norm, the same A Moist squared norm is de ned in E99 by

comparisons of the squared norms with inverse analysis B 22z (u92 + (v92 dm “ RaTr (p2)? d

increment estimates are made as in MBO7. E99 = s 7 gp 2
The motivations for these comparisons can be found 22z Cod (TY2 dm

in [Errico et al.|(2004), where a moist norm was used * T 2

with weights \proportional to estimates of the vari- 277 Wq(2) (L )z (q9)2 dm

ances of analysis uncertainty". It was also explained * qcpd Trv 2 3)

in Barkmeijer et al.|(2001)) that \in the case of forecast-
error covariance prediction, a norm at initial time The state vector is represented by the local departure
based on the analysis-error covariance matrix is the from mean values of basic quantities, denoted by°, v°
more appropriate" (Ehrendorfer and Tribbia] 1997; T p2and ¢. The di erential mass dm = d is equal
Palmer et al| (1998; Barkmeijer et al|,/ 1993). At that to dpd =g, where is the horizontal surface area. The
time, \the analysis-error covariance metric became the volume integrals over dm= and the surface integral
reciprocal of the total-energy metric currently used at over d = represent energies per unit of horizontal
ECMWF to compute singular vectors for the EPS" area, all expressed in units of J m2. The pressure
(Barkmeijer et al.| 1998). And \a specic-humidity = component is expressed in E99 as a volume integral of
norm based on error variances" was experimented by Ry T, (pg)Z:(Z p?), but the expressions are equivalent
Derber and Bouttier| (1999) at ECMWF, leading to providing that ps  pr.

a speci c-humidity norm de ned in Barkmeijer et al.
(2001) from the ECMWF \averaged error variances for
g.", with a strong decrease of this norm above 500 hPa
a property that has remained unexplained until now.

The surface pressure contribution of the squared
norm is often expressed di erently, in terms of the log-
' arithm of surface pressure, leading to

012
This paper is organized as follows. Existing moist- Rd ;r e I In(gs) grd :

air squared norms are recalled in section 2]1. Sec-

tion .2 presents some theoretical motivations for the This formalism is retained in C87, [Trepaut and

use of exergy functions based on the concepts of rel'Courtier| (1991)), Buizza et al| (1993), Buizza and

ative entropy and Kullback-Leibler divergence. The Palmer (1995), Rabier et al, (1996), Palmer et al.

derivations of the moist-air available-enthalpy are con- (1998), |Errico (2000).

ducted in Appendix B to G and the corresponding  The two formalisms using the surface pressure or its
quadratic approximate squared norm components are |ogarithm are nearly equivalent, providing that ps
shown in section| 2.3 for temperature, pressure and wa-p, . |ndeed, the departure term must be computed as
ter. The datasets from the Canadian Meteorological f |n(ps)g®=In( ps) In(ps) in @ and the perturbation
Centre (CMC), the NASA Goddard Earth Observing  of pressure is equal top} = ps Ps in (B), leading to
System (GEOS) and the French ARPEGE models are f |n(pg) g°= In(1 + pd=ps) In(1+ pd=ps)  pd=ps up
described in sectioriB. These datasets are used to comig small higher order terms.
pare the norm components for water and temperature S .
with the Root Mean Square (RMS) of analysis incre- . The justi ca_ltlon for the last integral of (J)|depend-

. . . ing on the variance of water vapor content can be found
ments, with cross-sections and vertical pro les shown

: . . in Ehrendorfer et al.| (1995), Buizza et al| (1996), Mah!
in section|4.1 to[4.3 for the three models, leading to an fouf et al.| (1996) and E99. The water contribution

(4)




of the squared norm is derived from the temperature the results of/Buizza et all (1996) and E99, who showed
contribution cpg (T9Y2=(2 T;) with the additional hy- that for increasing wq the contribution of the dry elds
pothesis that changes of temperature and moisture are dominates initially, whereas the contribution of mois-
related by Cpqg TO Ly g0, namely by assuming a con- ture dominates at the nal time (and vice versa when
servation of the moist static energyc,g T+ Ly oy + at wg is smaller).

con_st:_;mt height fpr all moist (condensa’ltion) Process.  according to [Errico et al.| (2004) and MBO7, the
A similar quadratic term was suggested in C87, where grid-point discretization of either (8) or (5] can be

two scale factors for height () and water content \yiten as the inverse variance weighted squared norm
(Qr) were de ned, leading to the equivalent formula-

tion g Hy (q?)z:(Qr)z-

!
X u® )2 vO )2 TO y2°
The question addressed in E99 is the relevance of (Ui ) + (Vi) + (Tije )

Vi Kkt
that special formulation for the water contribution. ijk Vu | W (Vraik |
Due to the uncertainty in the assumption cyq TO+ ¥ (p2 gk ' X (qc))gk ’
Ly @ O (particularly in frequently under-saturated ooy ! i k. (6)
(Vp1)jk (V) jk

moist areas without condensation processes), an addi- i
tional relative weight wq(z) (also denoted byw? or , _ _ _
depending on papers) is added in the last integral of Wheré  « is the thickness of the layerk in the
@). The e ects of making this relative weight larger vertical coordlna_te and ! j is the fractional coverage
or smaller than the standard value 1 are discussed in ©f thé model grid box de ned by the zonal () and
E99 and[Barkmeijer et al] (2001), wherewy(z) may Meridional (j) indices.
increase with height in the upper troposphere and in ~ The weighting factors V, W, (Vr1)jk, (Vp1); and
the stratosphere. (Vg1)jx will hereafter be referred to as \V-terms".
An alternative de nition of the water contribution ~ They are interpreted as variances of analysis errors in
of the squared norm is proposed in MBO7 by replac- Errico et al.| (2004) and MBO7. The indicesj and
ing the assumption of conservation of perturbed moist X Mean that temperature, surface pressure and water
static energy by a conservation of relative humidity Variances can a priori depend on latitude {) and/for
approximated by q,=as,. This assumption is expected altitude (k).
to be realistic in cloudy areas where relative humidity ~ From (B) and (E), the V-terms in E99 can be written
reaches 100 %, however it may not be realistic in fre- as

ijk

quently under-saturated moist areas. The constraint T, (T;)2
of zero departure (at constant pressure) in the quan-Vu = VW =2=Vo; Vr1=VW o T Vo T (7)
tity q,=Gw(T;p) corresponds tod? = ( ¢) T% where 5 pd Cpd Tr
g = O @n(Gw)=@ T The alternative contribution Vo1 = Vo ﬂ - (Vgu)k = Vo Cpd Tr ; (Qr)2: 8)
proposed in MBO7 can be written as Ra Tr Wq(z) (Lv Qr)
0\ 2
Cpd 1 (q)” dm 5) The four terms Vi, W, Vr1 and Vp; are all constant,
=2 o : (5) ; !
Tr (g whereas ¥q1)x may depend on altitude for water, via

MBO7 found that this revised formulation for the wa- the arbitrary weight wq(2).

ter component of the norm better match the RMS of  All terms in parentheses in @) are dimensionless
the analysis increments than the E99 norm. Indeed, in Errico et al. (2004) and MBO07, where the dimen-
the MBO7 formulation better re ects the typical size of sions of the square root of ¥r1)jk, (Vp1)j and (Vq1)jk
perturbations produced by data assimilation systems are K, hPa and kg kg !, respectively. The square-
and (5) accounts for the exponential decrease of spe-oot of theseV -terms will be called \SqV-terms" here-
ci ¢ humidity with altitude, leading to much smaller after. The dimensionless characteristic of ) can be
absolute errors than with the original constant contri- explained by rst multiplying all terms of (3)]by the
bution in the last integral of @. This result agrees dimensionless value 2, and then by dividing all terms
with the increase ofwg(z) with altitude considered in by the same energy termVp = 2 J kg 1. Therefore,
Zadra et al| (2004) in moist singular vector compu- the dimensions ofcyg Tr, Rq Ty and Ly Q; are same as
tations. The aim was to suppress the impact of hu- the one ofV, = V, = V, namely in units of m? s 2 or
midity perturbations in the stratosphere according to J kg 1. The value of the dummy speci ¢ content Q,

4



has no impact in @); it is introduced to highlight the
relevant dimension of kg kg 2 for (Vg)jk -

The de nition ()| proposed by MBO7 corresponds
to

o T, T @w >, .
T, Lygy 2
(Ve2)ik Vo G Ry (T) (10)

From (8), (Vg)jk is expressed in kg kg 2, because
Cpd (T)?=T; has the same dimension a¥. This means
that the dimension of the square root of V)i« is the
same as the speci ¢ contentq,, which is expressed in
kg kg ! and, from @) varies with altitude via the

ratio of the average termsd, and (T)?2.

2.2 Relative entropy, Exergy and
Available enthalpy

Due to the uncertainty and plurality in Vy1, Vg1 or
Vg2 de ned in E9Q9 or MBO7, and due to the arbitrary
values for wg(z), it is necessary to nd a more gen-
eral and comprehensive \measure," \norm" or \dis-
tance" between a perturbed thermodynamic state de-
ned by ( T2;0v2; ps2) and a reference one de ned by
(T1; Qs Ps1)-

It is explained in section 3 offMarquet and Dauhut
(2018) that this distance can be measured by the
guantity referred to as \relative entropy” by $Shannon
(1948) and then de ned in|Kullback and Leibler|(1951)
and |[Kullback|(1959) by

Xj log(xj=y;) (1))

j=1

K (xjjy) =

where the X;'s represent a real state k) and the y;'s
a reference state y) of the system (see Cover and
Thomas, |1991)]

This Kullback-Leibler divergence K is usually inter-

The main di culty lies in determining the x;'s and
the y;'s that correspond to these two thermodynamic
states. Moreover, the relative entrg,pyK is clearly dif-
ferent from the entropy s(x) = j”=1 Xj log(x;) of
Shannon (1948), with a change of sign and another
reference statey; included in . However, it is pos-
sible to show that the macroscopic value oK roughly
corresponds to the free energy functiore; T, s, which
is dierent from the entropy s because it depends
on the internal energy € and a reference tempera-
ture T,. More precisely, it is shown for instance in
Procaccia and Levine (1975)/ Eriksson and Lindgren
(2987) and|Karlsson (1990) that the exergy of moist
air can be computed by the \available energy" func-
tion ac = kg T, K, with K (xjjy) given by (11). This
function a. can be written in terms of the local atmo-
spheric variables @, T, ¢,), leading to

ae:(ek er)+ pr( i) Te(s
m(h  Gn);

Sr)
(12)

n

where the subscript \r" denotes a reference state and
where the sum over \n" represents the dry air, wa-
ter vapor, liquid water and ice species. The specic
volume is = 1= and the specic contents g, are
multiplied by the reference Gibbs functions
hin  Tr Sm. The quantity ae given by ) is called
\ maximum available work from a non ow systent by
Bejan (2016, Eq.5.12) for system at rest reaching a
pressure equilibrium with the environment (the labo-
ratory). The last sum over n in (L2) is called \chem-
ical exergy' by Bejan, while the other terms form the

\ non ow exergy."

The sum of the terms (& &) and  pr ( r)
in (L2) must be replaced by the dierence in specic
enthalpy (h  h;) to form the \ thermomechanical and
chemical ow exergy' de ned in Bejan (2016] Eq.5.25).
It is the sameavailable enthalpy function as that stud-
ied in [Marquet| (1991) and M93 and corresponding to
(B-1), with all other terms of (2] remaining the same,

preted as being a non-symmetric measure of how muchjeading to

the x;'s deviate from the y;'s. It also represents the
\gain in information" of the state characterized by the
distribution ( x;) with respect to the equilibrium distri-
bution (y;). Therefore, it is unclear whether K corre-

X

am = (h hy) T (s m(h Gn):

n

Sr)

(13)

sponds to the measure or the distance between the twoThe use of the specic enthalpy h to replace the in-

thermodynamic states (T2; Qv2; ps2) and (T1; Qv1; Ps1)-

1The original notations of Shannon and Kullback using p(p;)
and q(q ) are replaced here to avoid confusion with the pressure
p and the speci c water content quantities ¢;ov;q; G .

ternal energy is motivated by the natural application
of h to the owing moist-air atmosphere. No hypoth-
esis is made from this point of view, since the use of
enthalpy does not impose movements that would be



made \at constant pressure”. The change in the vari-

able h = g + p= is simply mathematical, with no (Vr)ik =
underlying physical assumptions. One of the interests
of the introduction of the enthalpy h is the existence (Va)ik

of the Bernoulli function h+ gz+(u?+ v?)=2, which is
constant during stationary, adiabatic and frictionless
motions, with a similar Bernoulli's law derived in M93
for am + g z+ (U + v2)=2.

The ow exergy am given by (13) ensures the de ni-

— 2 9
VoTr T Vop? Ps
— (W) = — 17
Cpd Ty ( p)J RaTr Pr (A7)
_ Vorofv _ pr & VorrTv _ Voly | (18)
Ra Ty € Ra Ty Ry T,

From the rst formulation in (1 ( Vg)jk is indepen-
dent of r,. The last formulation in (18) is obtained
with Ry = Rg=roandro = r, (pr &)= 622gkg?l,
whererg is proportional to the reference mixing ratio

rr. This shows that the dimensions of {/;)jx and of
r. Ty are both kg? kg 2, sinceVp = 2 m? s 2 and
R4 T; have the same dimension. Therefore, the square
root of (Vg)jk has the dimension of a mixing ratio, as
expected.

From (B) and (fl7) the pressure V-terms Vp; and
(Vp)j may be close to each other iy ps 1000 hPa,
with (Vp); only depending onps and being independent

tion of the aforementioned general distance between
a perturbed atmospheric state and a reference one.
Indeed, since the available enthalpy is the maximum
work (or energy) that a system can deliver when pass-
ing from a reference state to the real state, this work
is produced by transformations from di erent forms of
energy to other forms of energy.

In particular, it is shown in M93 that a Bernoulli N
equation exists and that the suman(T;p;q,:;q;G) + Pr-
(u2 + v®)=2 + is conserved along any streamline of Dierently, the temperature and water V-terms can
an adiabatic frictionless and reversible steady ow of a di er signi cantly because T and ry vary with height.
closed parcel of moist air. This means that the conver- This is especially true for (Vg)j« sincety may vary by
sions between the potential energy, the kinetic energy 3 orders of magnitude from the surface to the strato-
and the temperature, pressure and water components SPhere.
of am(T;p;q,;q;q) given by can be evaluated  The comparison of [I8) with (§) allows a compu-
with the weighting factors Vr, V, and Vg, ensuring rel- tation of the unknown dimensionless weighting factor
evant thermodynamic transformations of energy from Wq(2) in E99, leading to
one form to another. Coa Ry (T)? 1

R (A ek )
2.3 The new moist-air available-enthalpy Wo(2) = (Cpa Tr) (R4 Tr) er " (20
norm . | (Lyrp)? proe (2’

whereRy = (Rqe)=[(pr &)r,]is used to derive the
formulation (R0), which better shows the dimensionless
feature due to the compensation of the terms,g T, and
Rq Ty with Ly r;, also ofe; with p; e and of ry with

The three components of the squared norm based on
the M93 exergy function given by (13) are derived in
the Appendices B to G. They can be written in terms of
the square of the perturbations of temperature [G-4),
surface pressure [(G-11)f(G-13) and water vapor[(G- v

), leading to The exergy weighting factor ) explains the ex-
pected behavior forwg(z), which increases with height

N+ = Cod Tr (T92 CLm ) (14) for decreasing values of(z). A similar decrease holds
T (T)2 2 ’ with the MBO7 value derived from the comparison of
777 the constant relative humidity V-term (fLO) with the
0\ 2 0y 2
Np = F;d; (p;) = I(Q;)Tzr % dm ; (15) constant MSE V-term (B), leading to
S RaTr  (r9)? dmS Wq2(2) (Ga T0)* (Ra T)* & 2 (N
Ny = — — — (16) a (Lyre)? Pr & &(2)
(rO rV) 2 (21)

The new V -terms corresponding to [7)-[10) for tem- A comparison of (21) with (20) shows thatwg, — (wg)?
perature, pressure and water content can be written as becausery  @,. Therefore, the MBO7 value is ap-
proximately the square of the available enthalpy value,



Figure 1: The seasonal averages of the RMS of analysis increments for wat&; (g kg *) are computed for ARPEGE
outputs every 6 hours and plotted in latitude-pressure ﬁections for: (a) winter (DJF); and (c) summer (JJA). The
corresponding seasonal averages of the exer@qV-term = Vg given by ) are plotted for: (b) winter (DJF); and (d)
summer (JJA).

leading to an enhanced variation ofwg(z) with height of a few degrees between 270 and 280 K. The higher
in MBO7. temperature T, = 350 K leads to unrealistically large
values ofr;, which are even unde ned (negative) for

impact on the water term (Vq)jx given by ), itis pos- 367.8 hPa. The explanation for these impossible val-
sible to compute, for the sake of internal consistency U€S for some couple T;; pr) comes from the fact that
and realism, both e and r, for several of the values of & IS d&ned as the saturation pressure at the temper-
T, and p; which, from Table[l] are typically used in at- ature Tr. We therefore assume thatpr > er, which
mospheric research (semi-implicit algorithms, compu- 1S not veri ed for example for Tr = 350 K for which
tation of singular vectors and studies of sensitivity to & =411 hPais greater than 3678 hPa in Table[J. But
observations or forecast errors). The result is shown in IS assumption p; > e, does not limit the validity of
Table [ for saturating pressurese; = esw(T;) or esi(Ty) the theqry, in the same way that the assumptpnp >e
with respect to the more stable state (liquid water or for hgmld air does not limit the two state equa}tlons for
ice), depending on the temperatureT,. The zero Cel- dry air and water vapour. Therefore the available en-

sius and 280 K temperatures are added to show thethalpy function and the exergy norm are well-de ned
rapid increase of bothe, and r, with T, for an increase [OF valuesTr < 300 K for which the ratios jX =Y are

Although the reference value of water content has no



Table 1: The reference temperaturesT, (K) and pressures p; (hPa) used (from the left to the right) in: Pearce (1978)
and M93,|Buizza et all (1996) and Mahfouf and Buizza|(1996), E99 and Holdaway et al. (2014), Errico et al| (2004) and
MBO7, Janiskowa and Cardinali|(2017).

P78/M93 | B96/MB96 | E99/H14 | EO4/MBO7 | JC17
T, 251 300 270 300 350
pr 3678 800 1000 1000 1000

Table 2: The reference mixing ratio r, (T,;p;) dened as ro & (T,)[pr & (Ty)] in g kg ! and the saturated pressure
e (T;) in hPa computed for several reference temperature3; in K and pressuresp; in hPa.

T, #np ! ||367:8 hPa| 800 hPa | 1000 hPa || e (T;)
251 K rr =1:42 | r, =0:653|r, =0:522] (0:838)
270 K rr=8:11| r, =3:69 | r, =2:94 || (4:7)

27315K || r, =106 | r, =4:81 | r, =3:84 || (6:11)
280 K rr=175|r, =7:86 | r, =6:26 || (9:9)
300 K rr =706 1| r, =295 | r, =23:3 || (35:3)
325 K rr =558 | rr =144 | r, =107 (134)
350 K re =1928 | r, =769 (412)

greater than 10 in Table[E-1, regardless of the pressurethe vertical, with 28

Pr.

3 The Datasets .

The RMS of analysis incrementsSy and the SqV-

terms are computed for three systems using 3DVAR
or 4DVAR algorithms. The periods correspond to ei-
ther individual days, month or seasonal periods. The
aim is to show that the temperature and water com-
ponents of the exergy norm lead torobust results (i.e.
that are valid for a wide range of durations and for
di erent systems).

ARPEGE is the NWP model used at the French
weather service at Meto-France (Courtier et al.,
1991).
Schmidt projection with a spectral truncation T1198
and a stretching factor of 22 (i.e. with a varying reso-
lution from 7 km over France to 33 km over the South
Pacic). The vertical grid has 105 hybrid levels ex-
tending from 10 m to 0:1 hPa. The data assimilation
is based on a 6-hourly incremental 4DVAR (Courtier
et al.,1994), with increments computed at the trunca-
tions T149c1 (135 km) and T399c1 (50 km).

The Global Environment Multiscale (GEM) model
(Cok et al., 1998alb) studied in MBO7 is used at the
Canadian Meteorological Centre (CMC). The global
horizontal grid has a uniform resolution of 1.5 degrees
in longitude and latitude. The resolution is variable in

levels extending from the surface
up to 10 hPa. The analysis increments are diagnosed
by the CMC 3DVAR system (Gauthier et al., 2007).

The Goddard Earth Observing System version 5
(GEOS-5) is an atmospheric global circulation model
developed by the National Aeronautics and Space Ad-
ministration's (NASA) Global Modeling and Assimi-
lation O ce (GMAO). The model is based on the -
nite volume cubed-sphere (FV3) dynamical core|(Put}
man, |2007). The Modern-Era Retrospective analysis
for Research and Applications (MERRA-2) Version 2
(Gelaro et al., [2017) is a global reanalysis produced
by GMAO using the GEOS forecast model and grid-
point statistical analysis data assimilation system (Wu
et al., [2002;|Kleist et al, |2009). The 3D-Var sys-
tem MERRA-2 produces an analysis every 6 hours

The horizontal Gauss grid is based on afrom 1980 to the present day. The horizontal reso-

lution of the data assimilation and model is around
50 km, or 0.5 degree. In the vertical, 72 hybrid sigma-
pressure levels are used, reaching from the surface to
0:01 hPa. The linearized version of GEOS includes
the FV3 dynamical core and a linearization of the
relaxed Arakawa-Schubert convection scheme| (Hold-
away et all, 12014, hereafter H14), single moment cloud
scheme|(Holdaway et al.}, 2015) and a simpli ed bound-
ary layer scheme.



4 The results .

4.1 Seasonal means of ARPEGE:
the water norms

The ARPEGE seasonal averages ?)f RMS of analysis
increments Sq and exergySqV-term © Vg are shown in
Fig. [l The winter and summer averages are computed
with data 4 times per day (0, 6, 12, 18 UTC).

The general patterns for Sy and P Vy are roughly
similar, with a large vertical decrease with height (from
0:5 to less then 0005 g kg 1) and seasonal latitude
oscillations following the regions of maximum surface
temperatures (from 15 degree in DJF to +15 degree
in JJA).

Values close to the ground are of the same order of
magnitude for the analysis increments ( 0:7 g kg 1),
ttbe exergy term ( 0:4 g kg 1) and the E99 term
( Vg 031gkg?!or057gkg?!computed with
Tr =300 K and wq = 1:0 or wg = 0:3).

The JJA and DJF seasonal means of the \constant
RH" value ~ Vg, derived in MB0O7 are shown in Fig.B.
The sea&c&al latitude oscillation is similar to that of

q and = Vg in Fig. El The decrease with height of

Vg is larger than for the exergy norm, due to the
property wez, _ (wg)? derived from (20)-(21) leading
to values of = Vg smaller than 0:0005 g kg,! in the
stratosphere (purple color). These values of Vg, are
close to those for the RMS of analysis increments abo"eFigure 2: The same as Figs[JL (b) and (d), but for the

the level 200 hPa. JF and JJA seasonal average of the MB07 water term
Vertical pro les are plotted in Fig. 3lfor the hori-  Vaz given by [9).

zontal means ofﬁheﬁRMS of analyiis incremenSﬂ e@

for the V-terms =V, (exergy), Vg (E99) and ™ Vg

(MBO7). regions, with the blue and red lines intersecting each

other. For levels above 100 hPa, the MBO7 term is

seasons and for the three latitude domains. The large ¢10Ser to the RMS of analysis increments than the ex-
decrease with height by at least 3 orders of magnitude €r9Y term, with a rapid decrease with height that the
for the analysis increment§S, cannot be represented exergy term cannot reproduce.

by the E99 constant values Vi1 0:31 or 057 g kg 1 For these reasons, the RMS of the analysis incre-
with wq = 1:0 or wq = 0:3, nor for any other constant ments, the exergy norm and the MBO7 norm are thus
value for wy. similar to each other, while the values for E99 are more

The di erences between the vertical pro les of the di erent from the other three. The aim was not to per-

RMS of analysis increments, those for the exergy terms feCtly simulate the RMS of the analysis increments, but
and those for the MBO7 term remain small from the [© @pproach them qualitatively, both for their vertical
surface up to about 200 hPa (less than one order ofVariation and for their order of magnitude.
magnitude). The exergy term = Vg is almost simi- The lack of a contribution from condensed water
lar to the RMS of analysis increments for the layer species to the moist-air exergy norm, together with the
500-250 hPa in the tropical and summer extra-tropical absence of any latent heat termsL, or L, may seem

Almost the same features are observed for the two

9



Figure 3: Vertical pro les of horizontal mean of seasonal averages computed from ARPEGE outputs ever§y hours and
for three latitude domains: (a) and (d) southern extra-tropical mid-latitudes from 60to 30 degrees; (b) and (e) tropical
latitudes from 30to +30 degrees; (c) and (f) northern extra-tropical mid-latitudes from +30 to +60 degrees. The vlgrtical
pro les of the DJF means are plotted in (a, b, c); those for the JJA means in (d, e, f). The E99 water terms Vg
(purple dotted lines) are given b .: withwg = 1:0 and wq = 0:3. The exergy water term” V (red dashed lines) is given
by ). The MBO7 water term = Vg, (black dashed lines) is given bO). The RMS of analysis increments in water
vapor is Sy (blue solid lines).

surprising. However, the condensed water contentsy 4.2 Seasonal means of ARPEGE:

and g do exist in (B-1) for the moist-air exergy func- the temperature norms
tion an, which forms the starting point for deriving
the moist exergy squared norm. The exergy norm seemed able I5o£1duce new results,

especially for the moisture term” Vq due to the term
rv(p) in (L8), a result con rmed in the previous sec-
tion. Similarly, since the ratio T(p)=T; in ( varies
with pressure, and therefore with height, one may won-
der whether this variation predicted by the theory is
realistic or not.

It is this theory that ultimately allows ¢ and g to
be neglected in the squared norm componentslt, Nj
and Ny, as small correction terms. Moreover, the sea-
sonal averages plotted in Fig[ ] for ARPEGE con rm
that there is no need to add independent norms related
to the condensatesq or ¢, because thepcomparisons
between the latitude-section of Sq and = Vg do not  For this purpose, ARPEGE winter averages of the
reveal missing structures related to the convective re- RMS of analysis increments ff}f temperatureSy and of
gions whereq and g are large (tropical cumulus and the temperature exergy term” Vr are shown in Fig.[4.
extra-tropical frontal regions). The corresponding vertical pro les of horizontal mean

values are plotted in Fig.[§. The summer averages
exhibit similar results (not shown).

10



Although the comparisons of norms for each lati-

cay with height and relative maxima in the lower layers

tude and pressure are less relevant for the temperaturein the tropics is observed for this particular day. The
components than for the water components (especially di erences between the three ARPEGE, GEM-CMC

Within the tropics), the general appearance forSt and
Vr is approximately similar, with a maximum near

the surface (between 1000 and 800 hPa), and a mini-

mum in the tropical troposphere for medium and high
levels (between 600 and 100 hPa).

The variations with height of pW are similar to
those for St, while the constant value deduced from
the E99 temperature component of the norm ( V11
0:77 for T, = 300 K) is further from the St pro le.

Therefore, although variations with h%ight of St and

V7 are smaller than those forSg and * Vg, the simi-
larity between thepvertical pro les of the seasonal av-
erages ofSt and = Vy conrms the possible crude in-
terpretation of the RMS of analysis increments with
the temperature term computed from the squared ex-
ergy norm, and with a realistic impact for the ratio

(T(P)=T:)2 in ([L7).

4.3 A specic day for CMC and GEOS
systems.

The results presented in the previous sections regard-

and GEOS-MERRA-2 systems are more pronounced
above 200 hPa in the upper troposphere and in the
stratosphere, where GEM-CMC exhibits larger analy-

sis increments than ARPEGE, while those for GEOS-

MERRA-2 are smaller than ARPEGE.

The latitude-pressure sections plotted for the water
component of the exergy norm in Figs[§ (c, d) for
GEM-CMC and GEOS-MERRA-2 are similar to those
for ARPEGE in Figs.[L|(a, b).

The water exergy SqgV-term Vy is relatively
smooth and not noisy because it depends on the aver-
aged value of the water vaporg, computed on a circle
of latitude, which is less variable in space than the
daily RMS of analysis incrementsS,.

The results presented in this section for a specic
day and for two di erent systems are therefore broadly
comparable to those shown for the ARPEGE seasonal
averages. We can therefore be con dent that the re-
sults derived in this paper from the exergy norm will
be robust for other systems with similar patterns of
analysis elds.

ing ARPEGE seasonal averages are encouraging, but

the need for daily applications of the exergy norm
would require similar variations with height and lat-
itude for a given situation for both the analysis incre-
ments and the norms. In addition, the encouraging
results obtained with the 4D-Var incremental assimi-
lation of the ARPEGE variable mesh model must be
conrmed with di erent models and/or assimilation
schemes.

To do this, the results obtained for the humidity

variable are shown in Figs.[6 for one single analysis

(26 December 2002, 00 UTC). Outputs from the GEM-
CMC system are on the leftin (a, c, €) and those from
the GEOS-MERRA-2 system are on the right in (b,

d, f). The latitude-pressure sections for the RMS of
analysis incrementsSg in (a, b) are similar to those in

Ei%@ (a, b). The vergcﬂoro les of the exergy jerm

Vg, the MBO7 term Vg and the E99 terms Vy

computed with T, = 300 K and wg = 1:0 or wq = 0:3
are similar to those in Figs[3 a.

While the RMS of analysis increments are noisier for

those GEM-CMC and GEOS-MERRA-2 daily outputs

than for the ARPEGE seasonal averages, the same de-
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Figure 5. The same ARPEGE seasonal mean (DJF) as
Figure 4: The same as Figs| [la anff]1b, but for temperaturein Figs. Bp but for temperature (K) and for the BMS of
(K). analysis increments St (solid blue), the E% term’ Vri

0:77 (dotted purple) and the exergy term V¢ (red dashed).
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Figure 6: Latitude-pressure sections and vertical proles of horizontal averages for the water term for the 26th of
December 2002: in the left panels (a, c, e) for the GEM-CMC; in the right panels (b, d, f) for GEOS-MERRA-2. Apt the
top (a, b): sections of the RMS of analysis incrementsS, (g kg ). On the center (c, d): sections of exergy norms Vg
(g kg ). At the bottom (e, f): vertical pro les of horizontal averages of E99 (dotted purple), MBO7 (dashed black) and
Exergy (dashed red) norms and the analysis incrementS, (solid blue).
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Figure 7: The dimensionless exergy weighting factomwg(q,)
given by [19) plotted withq, in ordinates.

Figure 8: The dimensionless exergy weighting factowy(z)
given by [19) for the vertical pro le of average valuesy,(p)
of the GEM-CMC dataset used to plot the Fig[ Bc.
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4.4 The decrease with height of  w,.

The advantage of the exergy approach is that it pro-
vides an analytic formulation for the weighting factor
Wq given by (19). As an example, values ofvg(q,) are
plotted in Figq%for 0:1<qy< 25gkg .

The weighting factor wq(ry) is smaller than unity for
moist low levels whereq, > 6:7 g kg * for T, = 300 K,
and it is equal to 0:33 forg, 20 g kg 1. Conversely,
it is much larger than unity for small values of q,,
reachingwg 67 forq,  0:1 g kg Lin the upper
troposphere andwg 6700 forg,  0:001 g kg ! in
the stratosphere.

It is also possible to plot the vertical pro les of wy
in terms of the horizontal mean valuet;(p) computed
from the GEM-CMC simulation, shown in Fig. 8] The
large increase ofwg with height, with a factor vary-
ing non-linearly from 1 to 40 for the pressure varying
from 1000 hPa to 300 hPa, is similar to the one pro-
posed empirically in previous studies; for instance, a
weight of wg(ry) 5 was evaluated for the lower part
of the atmosphere in Barkmeijer et al| (2001) from the
ECMWEF averaged error variances forg,, with wg(ry)
strongly increasing above 500 hPa. This description is
consistent with the exergy weight displayed in Fig.[§.

The same relation used to plot these diagrams W
in terms of q," is used to plot the exergy norm in
the pressure @) and latitude (') sections shown in
Figs.[1 (b and d) and[§ (c and d), where the zonal av-
eragesqy('; p ) varies with both pressure and latitude.

45 FESOI.

The Forecast Sensitivity to Observation Impact

Impacts shown in the present paper are examined
in averages per observation system and for the global
domain with the E99 norms (7){(8) where T, = 270 K,
pr = 1000 hPa and wq = 0:3. The value of Q3 is
chosen empirically in H14 to produce approximately
equal weighting between the temperature and speci c
humidity components of the norm.

The metrics monitored at GMAO are: impact per
analysis, impact per observation, fraction of bene cial
observations, and observation count per analysis. The
observation impacts are computed as reductions in the
nal 24 h forecast errors due to any given extra set
of observations included in the initial analysis. The
adjoint model can be used to propagate the nal en-
ergy norm gradient backward 24 h in order to obtain
sensitivities of these forecast errors at the initial time
(Temolet, 2008). These sensitivities are then passed
through the adjoint of the data assimilation system to
convert them into observation space and to provide the
impacts.

(FSOI) method can be used to assess and compare

the capacity of various observing systems to reduce a

given short-range forecast error produced by a NWP
model, e.g. | Baker and Daley |(2000), Langland and
Baker (2004), |Cardinali (2009), Gelaro et al. (2010).
Typically, elds from a 24 h forecast are compared
against a verifying analysis, in terms ofu, v, T, ps and

Figure 9: The 24-h forecast observation impacts per analy-
sis for each observation system. Comparisons of: i) the Dry
norm (white); ii) the moist norm E99 with wy = 0:3 (grey),
namely the same as Fig. 9 in H14; and iii) the moist exergy
norm (dark).

gy using an inner product based on the E99 energy Fig. [9 compares the 24 h forecast error reductions
norm with di erent values of wq in the moist term. produced by various observing systems included in the
The adjoint of the forecast model is used to propagate MERRA-2 data assimilation system with three di er-

a sensitivity backwards from verifying time (24 h) to entinner products for the estimation of the global fore-
obtain a sensitivity at analysis time (0 h). The adjoint cast error: the E99 \dry energy squared norm" with
model can include both dry physical processes (turbu- wg = 0:0, the E99 \moist energy squared norm" with
lent di usion, radiation, gravity wave drag) and moist wg = 0:3, and the \exergy squared norm"Nt+ Np+ Ny
processes (large scale condensation, moist convection)introduced in Eqs. )-) of Section.
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Table 3: The increase in observation impacts (in percentage) corresponding to Fid.|9 for the change of the Dry norms

to the moist E99 with wq = 0:3 (rst line), and then to the moist Exergy (second line).

AMSU-A | IASI | MHS | AIRS | AMVs | RAOBs | Aicrafts
100(E99/Dry 1) 14 17 300 32 21 18 10

100 (Exergy / E9Q9 1) 47 85 253 105 69 74 50

The impacts of the dry energy E99 squared norms (or > +200 %, see Tabl@) of the only observing sys-
are those computed and studied in Fig.9 of H14 for tem highly sensitive to atmospheric water vapor: the
the month 17 March-17 April 2012. The impacts for Microwave Humidity Sounder (MHS). According to
the two moist squared norms (E99 withwg = 0:3 and Fig. [9, RAOB ranks rst for the exergy norm, which
exergy formulations) are computed for another month may have important implications given that the oper-
(1-30 September 2015). For convenience, the impactsational radiosonde observing network is expensive to
of the three dry and moist squared norms are com- operate. These results suggest that radiosonde humid-
pared on the same plot despite having been computedity sensors play an important role in the 24 h forecast
over those two distinct periods. In all experiments, the accuracy, even more than MHS.
adjoint model includes a comprehensive set of physical

processes with moist processes as described in H14. )
5 Conclusions .

As expected from the de nition of the moist energy
norm, impacts are larger when they include the moist
term, as already shown in H14. It is interesting to note "€ main objective of this paper is to provide a gen-
that the increase in observation impacts not only holds €ral and more satisfactory method for combining ther-
for observations sensitive to atmospheric water vapor, Modynamic variables of the atmosphere into a norm.
such as radiosoundings, but also for observation sys-There are several formulations for these norms cur-
tems where only a small subset of the observations di-"€ntly in use for a wide variety of important applica-
rectly measure moisture, such as IASI (Infrared Atmo- tions, yet until now all have been derived using heuris-
sphere Sounding Interferometer) radiances, AMSU-A tic methods and approximations.

(Advanced Microwave Sounding Unit) radiances which It is argued in this paper that such approximations
are sensitive to atmospheric temperature, and AMVs can be avoided by instead considering the principles of
(Atmospheric Motion Vectors) which are directly sen- fundamental physics more carefully. Speci cally, the
sitive to horizontal wind components. These results approach is to start with some general exergy func-
show that a reduction of forecast error in the moisture tions, which are constructed by combining the rst (en-
eld is possible through observations of temperature thalpy) and second (entropy) law of thermodynamics,
and wind. This could occur through dynamical bal- leading to the available enthalpy function a, derived in
ance, for example. M93. This kind of exergy function is also based on the

The ranking, in terms of contributions of the var- concept of relative entropy or Kullback distance, two
ious observing systems to the forecast error reduc-€duivalent concepts which are already used in many
tion, is unchanged when moving from E99vg = 0:0 papers dealing with assimilation techniques.
to E9Q9/wq = 0:3. Similarly, when examining the im- ~ The choice of the exergy (available enthalpy)
pact with the exergy norm instead, it is clear that the squared norms provides not only the quadratic terms
overall observation impact is larger, but that the rank- (T92, (p?)? and ()2, but also values for the weight-
ing of the observation systems relative to each other is ing factors which multiply these quadratic terms. It
almost the same. Larger values come from the dier- is shown in the present paper that the weighting fac-
ence in the weighting factorwg applied to the moisture tors for T and g, vary with height in the same way as
at upper levels, which does not depend on height for the RMS of analysis increments. This ensures an even
the E99 norm and increases with height for the exergy weighting of all variables and all levels when comput-
norm according to Fig.[8. ing the global norm. Such results are valid for both

The most striking feature, when using the exergy seasonal average periods and for a particular day.
norm, is the very large increase by a factor of three The fact that the weights for the exergy norm for
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T and g, are close to the RMS of analysis increments moist energy norm penalizes the upper tropospheric
is not straightforward. Indeed, if the observation sys- levels. The results are very similar among the various
tem is radically changed, the increments could be very observing systems, however with a noticeable di er-
di erent, while the exergy-norm weights would not be ence for the MHS and RAOBS, for which the contribu-
modi ed. To better understand the complex links that tions are particularly enhanced with the exergy norm.
can exist between elds as di erent as thermodynam- This is in agreement with the known impact of mi-
ics, information theory and data assimilation, it is pos- crowave humidity sounders from direct observing sys-
sible to refer to papers cited in section 3 of Marquet tem experiments (Karbou et al.,2010; Chambon et al.,
and Dauhut| (2018). 2015). In consequence, it is expected that the various

Inspired by previous studies byl Kleeman [(2002) and observing systems wguld_be more fairly ra_mked through
Majda et al. (2002), the paper of XU (2006) examined More balanced contributions between wind, tempera-
the use of the relative entropy or Kullback-Leibler dis- turé and water vapor forecast errors through the use
tance K (xjjy) given by \to measure the informa- ©f the exergy norm in FSOI experiments.
tion content of the pdf produced by an optimal analy- Another usage of the exergy norm has been shown
sis of observations (or compressed super-observationspy [Borderies et al| (2019) to demonstrate the impact
with respect to a prior background pdf used by the anal-of airborne cloud radar re ectivity data assimilation.
ysis (...) where the background pdf can be always con-
sidered as an approximation of the analysis pdf. Xu
showed that the integral form of the relative entropy

K (xjly) \is a quadratic fogrp of the analysis incre- \1go7) and can be easily coded and used in operational
ment vector weighted byB ™, and \ yields an explicit gystems, for moist singular vector and FSOI calcula-

formulation in which the signal part is given by the (iong as well as forecast veri cations. The only new
inner-product of the analysis increment vector weighted aspect is the need to take into account horizontal av-

by t?e inverse of the background covariance matrfix grages or averages on each latitude circle, for the mean
(B 7). temperature and vapor content variablesT and 1y that
Since| Xy (2006) demonstrated a close relationship appear in )—) to de ne N1, Ny, V¢ and V.
betweenK (xjjy) and the weighting factors V, W, W,
Vp, Vi and Vg, the next step is to use the close relation- Acknowledgements
ship shown by|Procaccia and Leving|(1976), Eriksson
and Lindgren (1987), Eriksson et al. (1987), Karlsson
(1990) and |Honerkamp (1998) betweerK (xjjy) and
exergy functions, to foresee a direct link between the
moist-air exergy de ned in thermodynamics and the
weighting factors used in data assimilation.

The important point is that the analytical formula-
tion of the exergy norm is not complicated. It is com-
parable in complexity to existing formulations (E99,

The de nitions of the squared norm componentsN T,
Np and N, were obtained during the Pan-GCSS meet-
ing in Athens in May 2005. The results presented in
this paper are thanks to Philippe Courtier's initial en-
couragements, with numerous preliminary tests carried
out between 2005 and 2018. The authors wish to thank
The new exergy (available enthalpy) squared norm the editor and the three reviewers for their comments,

may solve the main disadvantage of using the con-which helped to improve the manuscript.
stant E99 moist V -term stated in Rivere et al. (2009),

namely that the weight for water is no longer propor-
tional to the weight for temperature with the exergy
formulation, leading to new results with the use of the
Vg term.

A rst usage of the exergy norm in the context of
FSOI experiments has shown that it increases obser-
vation impact in a way similar to what has previously
been described when going from a dry energy norm
to a moist energy norm (e.g. H14). However, the en-
hancement of the impact is larger, since the exergy
norm accounts more evenly for moisture forecast errors
between the various atmospheric layers, whereas the
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Appendix A. List of symbols and acronyms . R gas constant for moist air (= @y Rq + gy Ry)
S the speci c entropy

the vertical coordinate of the model grid box
, d global and element of horizontal surface of Earth
the absolute temperature
the reference zero Celsius temperature (2785 K)
the horizontal wind and itspcomponents u;v)
the horizontal wind speed  u?+ v2
the speci ¢ Gibbs' function (h T s)

Bp a dummy notation for a pressure norm

APE the global available potential energy (Lorenz)
the speci ¢ mass of moist air (the density =) '

ae the moist speci ¢ available energy

an, am the dry and moist speci ¢ available enthalpies

ar, ap temperature and pressure components of o )
a, and a the gravitational potential energy (g z+ Cste)
m

ay the water component ofa, x the var!alnces_ of anafly25|s Errlors
Cod speci ¢ heat of dry air (10047 JK 1 kg 1) 0 a special variance of 2 J kg

ccH-H

e spec. heat of water vapor (1846 J K ® kg 1) Wq a relative weight in water components of norms
Y . . . .
c:) spec. heat of liquid water (4218 J K 1 kg 1) z a dimensionless water vapor variable
G spec. heat of ice (2106 J K kg 1) GCM General Circulation Model
Co the moist-air spec. heat at constant pressure, NWP Numerical Weather Prediction
= Cod+t W Cv+ GG+ GG
- F(:d:gd qll pv0.688 $Taa Lower indices (for h,s,p, , ,qr,V,X,Y,Z):
e the \\//vater-vapor p.artial pressure r reference value (entropy, available enthalpy)
e the speci ¢ internal energy d, v  dry-air and water vapor gases phases
e the water-vapor reference partial pressure, | liquid water and ice condensed phases
with & = es(T;) 6:11 hPa sw, si saturating value (over liquid or ice)

F.H dimensionless functions ofX or Y t total water value (vapor plus liquid plus ice)
g magnitude of Earth's gravity (9 :8065 n? s 2) T, p, v temperature, pressure and water components

the Lorenz stability parameter T1, p1 notations for pressure components\)

g a weight in water component of MBO7 norm G 2 notat|_ons for water qomponents v)
1,2 notations in separating laws

h, H specic and global enthalpies o . ) . .
H, a dummy scale height (C87) i;j;k indices for longitude, latitude and altitude

ks the Boltzmann constant .

K Kullback function, contrast, relative entropy Upp(gr indices/operator:

L = h h;: latent heat of melting u departure terms from average values

Ly = hy h;: latent heat of vaporization (:::) average values

Ls = hy hj: latent heat of sublimation

Li(T;) =0:334 10 J kg !

Ly(T;) =2:501 16 J kg 1! App. B. The speci ¢ moist-air available enthalpy
Ls(T;) =2:8351¢ J kg !

m a mass of moist air i ) ) )

dm the element of mass (= d ) Th_e specic mplst available enthalpy an, is an exergy
N the global available enthalpy squared norms function de ned in M93 (see Eq. (17), page 574) as a

sum of four partial moist available enthalpies for dry
air (am)q, water vapor (amn)v, liquid water (an), and
ice (am)i, leading to

Lij the fractional coverage of the model grid box
Xj;y; the micro states which de ne the function K

p the pressure p= pg + €)

Ps :Ee surfa_ce pretssutr? ) am = @m)d+ o (@m)v+ g (am)i + G (am)i ; (B-1)

q e specic content (ex. gy = = _ .

Q;  adummy speci c water content (C87) @n)a=[ha  (ha)r ] Trlsa (Sarli  (B-2)

r the mixing ratio (ex. ry = = q) @m)y=0hv ()] Telse (sirl;  (B-3)

ro = Rg=R, 0:622 = 1=1:608 @ =0[h ()] Tels (s)]; (B-4)
speci ¢ mass of moist air (= g+ v+ |+ ) (am)i=[hi ()] T [si (si]; (B-5)

Ry dry-air gas constant (28706 J K ! kg 1)
Ry water-vapor gas constant (46152 J K 1 kg ') whereT, is a constant reference pressure.
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hq
hy

Sd
Sy

Di erences in enthalpy and in entropy can be com-

puted for dry air, water vapor and condensed species

by assuming that the specic heat at constant pres-
sure (Cpd, Cpv, G, G) and gas constants Ry, Ry) are
all constant for the atmospheric range of temperature
(from 180 to 320 K), leading to

(ha)r = Ga (T Tr); hy  (hy)r = o (T Tr);(B-6)
(h)r=a (T T);hi (hi)=c (T T¢);, (B-7)
and
(sd)r = CdIN(T=T;) RqIn[ pg=(pa)r 1; (B-8)
(sv)r = CvIn(T=T;) RylIn[e=g]; (B-9)
(s)r = aIn(T=Tr); si  (si)r = ¢ In(T=T) :(B-10)

The reference partial pressuree; is equal to the ice-
vapor value e (T;) for T, < 0 C or to the liquid-
vapor value eq (T;) for T, > 0 C. The moist available

enthalpy (B-1) is computed by including (B-6)-(B-10)
in (B-2)-(B-5), yielding

am=¢6 T T TiIn —
r
Pd e
+ T Ry In + R,In — : (B-11
r G Rg o) 4Ry In o (B-11)

Here g and g are not neglected, but appear in the
moist values ofc, andgy=1 q g g, anywhere
else.

App. C. The temperature component of am-.

The rst term on the R.H.S. of (B-11) is the Motiv-
ity de ned by Lord Kelvin (Thomson, 1853). It cor-
responds to the moist temperature componentay of
the available enthalpy de ned in Marquet (1991, here-
after M91) and M93 in terms of the function F(X)

according to
ar(T)= ¢ T F(X7);, Xy = T=T, 1> 1;
(C-1)
F(X)= X In(1+ X): (C-2)

The di erence from the dry case studied in M91 is that
CpisequaltogyCog+ Qv Cov + G G + G G and is not a
constant, since it depends on varying speci c contents
of dry air and water species.

F(X) is positive and asymmetric with respect to
X =0, see Fig.[C-] It is a quadratic-like function be-
causeF (X) X?2=2 for jXj < 0:3. This terminology

Figure C-1: The two functions F (X ) = X
X?2=2 plotted for 1< X < +2:5.

In(1+ X) and

\quadratic-like" corresponds to functions with Taylor
series of the form: X2=2 + a X3+ b X* + :::, where
the quadratic term X 2=2 is the rst order approxima-
tion and where the other higher-order terms can be
discarded. This approximation is typically valid for
210 K< T < 390 K if T, =300 K. F(X) =0 only for
X =0, namely for T = T;.

Appendix D. The pressure components of am.

Terms in the second line of [B-11) can be rearranged
in order to compute the separate quadratic contribu-
tions due to total pressurep = pq+ e on the one hand,
and to water species contentsd,, g or g) on the other
hand.

The three state functions for moist air, dry air and
water vapor can be writtenasp= RT ,pg= g R4T

ande=qg, R, T, respectively, leading to
T Ry = paTr=(T) = RTrpg=p; (D-1)
TTqwRy = eT,=(T) = RT,e=p; (D-2)

where the moist gas constantR = gy Rq + g, Ry is not
a constant since it varies with gy and q,.

The terms g4 Rg and g, Ry given by (D-1) and (D-2)
can be inserted into [B-11), yielding
Pd In Pa & In i
p (Pa)r & &

The next step is to isolate the pressure componengy,
de ned by (P-4, leading to the separation of an into

. (D-3)
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p

am = ar + a + ay; a8 =RT; In p— ; (D-4)
r
Pd Pa  Pr e € pr
as=RT, —In — — - — :(D-5
Y " o e pe PP

where the remaining terms grouped in [(D-}) form the
water componentsay .

It is not possible to de ne directly a squared norm
starting from the term In( p=p), since it is negative for
p < pr. This apparent drawback was already men-
tioned in M91 and M93. However, it is possible to
integrate by parts ap in ( with respect to p, lead-
ing to

p

Pr

P

@ p, P
Pr

@p pr
A new quadratic-like function H (X ) can be introduced
by choosing the constant of integrationC = 1, yielding

a=RT:p C (D-6)

P

ap=RT; @@dpr H(Xp)]: Xp = 1; (D-7)

@+ X)In(A+ X)

H(X) X; (D-8)
where X, is the dimensionless pressure control vari-

able.

a, = RT,

Figure D-1: The two functionsH (X ) = (1+ X ) In(1+ X) X
and X 2=2 plotted for 1<X < +2:5,

It is shown in Fig. that H(X) is positive and
asymmetric with respect to X = 0. It is a quadratic-
like function becauseH (X) X 2=2 up to higher order
terms. H(X) =0 only for X =0, namely for p= pr.

The constant reference pressurey; can enter the
derivative in (D-7] and the term p; H(X,) is equal

to the function pr  p+ pin(p=p) (p p)*=2pr)
called \store of work for any layer under isothermal

conditions” in Margules|(1910) and studied in Eq. (Ia)’
page 505, the bottom of page 506 and the top of page
507 of this old paper.

Appendix E. The water components of am.

The aim of this section is to show that a, given
by (D-5), which depends on the six pressures, pr,
P4a.(Pa)r, € and e, can be expressed in terms of the sole
water mixing ratios ry = q,=¢4 and r,. In this way, ay
will be interpreted as the water-vapor component of
am-

Division of (D-2) by (P-1) leads to e=py = ry=ro,
where rg Rg=Ry = 0:622. The same result is valid
for the reference state, leading toe, =(pg)r = ry=ro and
to a reference value for the mixing ratio given by

rr = roé& =(pa)r: (E-1)

This reference mixing ratio is fully determined if T,
and p; are known, becausey, = (pg)r + € and e (T;)
is the saturation pressure of water atT, and (pg)r =
pr & (Ty) can then be computed.

The four pressure terms involved in [D-5) are com-
puted by using e=py = ry=ro and e =(pq)r = ry=ro,
leading to

Pa _ P _ _To . P _ re + o (E-2)
p Pg+ € rv+ro  (Pa)r ro
L P - L
p pgt e ry+ ro S Me

The componenta, given by can then be written
as

ry+ o
e+ ro

My
rv + I'o

"
Y In
Iy

: (E-4)

This formulation of a, has already been derived in the
exergetic analysis of moist-air processes described (in
German) in|Szargut and Styrylska (1969, Eq. (10)) and
recalled in/Bejan (2016, Eqg. (5.48), p.207), though with
di erent notations.

The bracketed terms in (E-4) only depend onr, and
on the two known reference valuedl; and py, since the
reference mixing ratio isr;, = ro e (Tr)gpr e (Ty) ]
Therefore, a, will be called the water-vapor component
of am.

The impacts of g and g are not neglected up to this
point, because the condensed water contents impact
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Table E-1: The ratio jX\,=Y,j = [ pr
puted for several reference temperatures, and pressures

pr. See the Tablg P for values o (T;).

e (T;)]=e (T;) com-

only for T, 300K, leadingtoX, (ry r;)=r, and
Yv (rv ry)=ro. The best candidate for a water
dimensionless variable similar toX+ = (T T,)=T, is
thus the large componentX..

iXv=Yyj | 367:8 hPa | 800 hPa | 1000 hPa
250 K 438 953 1193 _ _
270 K 77 169 212 App. F. Separating properties of F and H.
27315 K 59 130 163
ggg i g’i gg 12070 Previous results cannot be used as such by replacing
350 K ' 094 14 the terms (T T,)% (ps pr)? and (ry  r;)? by the
: : departure terms (T92, (p2)2 and (r9)?, respectively.

This issue is motivated by the usual applications where
the gas constantR, which depends ong, and g4 = the perturbation terms TC pd and rQ may need to get
1 o g g. Conversely, the bracketed termsin[(E-4), Zero average values, whereab T, ps prandry r;
which generates the quadratic-like part ofa,, do not cannot cancel for all vertical levels and for constant
depend ong or ¢. These results could not be expected values of T, pr and ry.

and are just imposed by the exact computations. It is thus important to introduce the mean values
T, ps and Ty which denote averages ofl, ps and r
computed for a given circle of latitudes, or for a given
pressure level, or for any other kind of average like
those considered in Fig. F1. The eddy departure terms
will then be de ned in the usual way by T°= T T,
W=ps psandrd=r, Tvy.

Let us introduce the water variables
e rv . e ro .
Zy= == r= = :
pr r-+ro

p rvtro’
which are computed with (E-3). The water component
ay given by (E-4) can be transformed into the sum of
the two terms depending on the function H, leading
to

aa=RT, Zr HXy)+ RT, 1 Z;) H(Yy); (E-6)

(E-5)

where
X _ ZV 1 _ rO rv rr . (E 7)
v Zy - rr ry+ro '
1 zy v Iy
Yy = ——= = E-8
Yz rv+ro (E-8)

The equality of with (E-4) can be checked by

using basic algebra. This result has been obtained via
a lengthy trial and error process, with the aim of in-
troducing any of the quadratic-like functions F or H
of the variable (ry ry)=r,.

The ratio jXy=Yyj = ro=r, = [ pr e (T;)]=a(T;)
shown in Table[E-1 is computed for the set of reference
values T, and p, used in Tables[1 and 2. The ratio
is larger than 20 for T, 300 K and pr = 800 or
1000 hPa. This result justi es the name \large" and
\small" given to X, andY,, respectively.

Figure F-1: The separation of the ow into an uneven basic
state (X, solid lines) plus the eddies (dashed lines), de ned
by x® x X. The x term stands for the meteorological
variablesT, p, Z, or ry, alsou and v.

Therefore, the aim is to express the available-
The higher temperature T, = 350 K leads to small €nthalpy functions ar, &, and a, depending onT T,
values ofjX y=Y,j which are close to unity, with an un- Ps Prandry rrinterms of the \energies of the mean
de ned (negative) ratio for 367:8 hPa. Values of T, > State” which depend on (T _Tr)2=2v (Ps p_r)2:2 and
300 K are thus beyond the scope of the next de nition (v rr)?=2 plus the \energies of the eddies” which

for the water component of the exergy norm, where depend on(T9?=2, (pg)*=2 and (r{)>=2.
both ry and r, are much lower thanry 622 g kg ! For pure quadratic quantities, such as the kinetic
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energy, the basic separating property is given by the
binomial law

(X1+ X2)2=(X1)2+(X2)2+2 X1 X2:  (F-1)

If the ow X is separated into a mean partXq for
which X1 X1, plus an eddy part X, for which X,
0, the separating property writes

(X1+ X2)2 = (X1)2+ (X2)2:

(F-2)

A similar exact separating property is derived for
F (X) in Marquet|(1991, [2003), and the one valid for
H (X)) is shown in this Appendix. For any variable
written as X = X1+ X, + X1 X, the two properties

F(X)= F(X1) + F(X2) + X1X2; (F-3)
H(X)=1+ X2)H(X1)+(1+ X1)H(X2)+ X1 X2;
(F-4)

1, which means
1> 1. The

are valid for X1 > 1 and X, >
X1+ Xo+ X1 X2 =(1+ X1)(1+ X2)

ow X is then separated into the same mean and eddy

parts used to derived [F-2) and with X;  X; and
X, 0, leading to
F(X) = F(X1) + F(X2); (F-5)
H(X) = H(X1) + 1+ X1) H(X2):  (F-6)

The physical consequence of (F{2),[(F{5) and[(F) is

the appearance of exact self-similarity properties ver-
i ed by the total, mean and eddy parts of the ow:
quadratic F or H functions generate quadraticF or
H functions for the mean and the eddy parts of the
ow. More precisely, the quadratic approximation of
(F-5) will allow computations of (T T,)?=2 in terms of
(T T,)%=2 and (T92=2, with similar results derived

from (F-6) and valid for surface pressure and water- X ,_ =

vapor mixing ratio.

App. G. Mean and eddy components of
a.T, ap, av.

_ to
Mean and eddy components ot given by can

be computed by replacingXt+ = T=T, 1in (C-2) by
TO T T T
X1= — + — 1 + — — 1 ; (G-1
T Tr T T (G-
whereT=T, 1andT=T 1= T%T correspond to

X1 and X3 in (F-5), respectively. It is then assumed
that ¢, Ccpg and F(X) X ?2=2, leading to

TO
CdTrF — 1 + caT: F + 7 (G-2)
r
T T)? T, 2 (T92
—— — ; -
Cd 5T Cod 2T, (G-3)

The three dimensional integral of the rst quadratic
term in the r.h.s. of (G-3) represents the \unavail-
able enthalpy" of the mean state T with respect to the
isothermal reference stateT,. The integral of the sec-
ond quadratic term represents the \available enthalpy”
of the perturbations T° of the actual state T with re-
spect to the mean stateT, and it forms the temper-
ature contribution of the squared norm which can be
written as

777
Cpa Tr (T9? dm
(T)? 2 '
This squared norm is studied in Sectiong 2J3 anfl 4]2.
The integral of a, given by is computed by
assuming thatR Ry, leading to
PP @HXp) dp d
@p o9 ’

1 prd ;
g

Nt

(G-4)

Ap Rd Tr pr
77 0

[ H (Xps)

(G-5)

whereXp, = ps=p 1. Theterm 1lisduetoX,= 1
forp=0and H( 1) =1, leading to a constant value
Rg Tr pr=g which will not enter the de nition of the
squared norm component for pressure. The aim is thus

to compute mean and eddy components of

Pr Pr

by replacing X, by

0 _— 0 _—
- N S N (X
Ps Pr S Pr

where ps=p 1 and ps=ps 1 = pg=ps correspond

to X1 and X, in (F-6), respectively. The separating
property (F-6) can then be applied to (G-7), leading

" #
Pr Ps Ps R
B Ry, — H = 1 + = H = :(G-9
P @ g Pr Pr Ps (G-9)
RaTr (Ps Pr)® . RaTr (p))?
B + ; G-10
" gp 2 gps 2 (6-10)
where it is assumed thatH (X) X 2=2.

The rst quadratic term of Bj in the r.h.s. of
) represents the unavailable enthalpy of the mean
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state ps with respect to the constant reference pressure Ty, and it forms the water contribution of the squared
pr. The second quadratic term represents the available norm, which can be written as

enthalpy of the perturbations pQ of the actual state
ps with respect to the mean state ps. This pressure
contribution of the squared norm can be transformed
back into a three dimensional integral, leading to

77 .
RaTr ()" .7 RaTr ps (7d . )y
P gps 2 )2 g 2
RaT, “Pdp (pd2d
N, = — —_ G-12
g ™2 o g 2 (6-12)
- Ra Tr (p9)? dm 3
Np = 9?2 5 : (G-13)

This squared norm is studied in Sectior] 2.B.

It is shown in Appendix E that the rst term in the
r.h.s. of is much larger than the second term,

due to jXyj ] Yyj. This result is used together with
the assumptionsR  Rg,rp ryandrg ry, leading
to Zy, ry=ro,Z; rr=rgand Xy ry=r, 1, to ap-

proximate the (isobaric, horizontal or uneven) surface
mean value ofa, by

Nv

r

?\/ R\/ Tr rr H 1 , (G'14)

where Ry = Ry=rg has been used.
The separating property (F-6) can then be applied
to (G-14) and with the exact property

-
Y1+

My Ty

ry ry

v

Mv

r

1_

-

~ Y 1:(G-15)

Iy

whererf,’ =ry Ty. Thetermstry=r, landr,=ry 1=

ro=Fy correspond toX; and X3 in (F-6), respectively,

with the property r9 =0 leading to
n #

: (G-16)

<o

Ty r
Iy

-
a, s

Iy

RyTire H 1 +

—
<

It is nally assumed that H(X) X?2=2, leading to

. RyT (v
a
v r 2

rr)2 + Ry Ty (f\9)2.

= > (G-17)
The integral of the rst quadratic term in the r.h.s.
of (G-17) represents the unavailable enthalpy of the
mean state Ty with respect to the constant reference
pressurer,. The integral of the second quadratic term
represents the available enthalpy of the perturbations
r9 of the actual state r, with respect to the mean state

Ry Tr (r9)?
v 2

This squared norm is studied in Sectiong 2J3, 4|1, 43
and[4.5.

If the exact moist value R = (1 ) Rq+ o, Ry was
not approximated by Rq in (E-6), leading to Ry=ro =
Ry in (G-14)-(G-17), then a factor (1 +2 Ty) would

exist (computations not shown) in the factor of Ry in
(G-18), but leading to small terms in comparison with

the de nition (G-18) for N,.

dm

Ny (G-18)
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